K{s)*{BG) RINGS FOR GROUPS G38 - OF ORDER 32 



M. BAKURADZE AND M. JIBLADZE 



The finite group G is called to be good [4] if Morava K-iheory K{s)*{BG) is 
evenly generated by transferred Euler classes. Even if the additive structure is 
calculated the multiplicative structure is still delicate task. Moreover the multi- 
plicative structure is not always determined by representation theory, or G has not 
exact Chern approximation in the terminology of Strickland. Also the presentation 
of K{s)*{BG) in terms of formal group law and splitting principle is not always 
convenient. Here we will consider four groups G = Gag — G41 of order 32 from the 
Hall-Senior list. It is proved in [S] that K{s)*{BG) is evenly generated and for s = 2 
is generated by transferred Chern characteristic classes. See [S] also for the detailed 
discussion of the ring structures for all other groups of order 32 already covered by 
literature. For the generating relations we use the formula for transferred Chern 
classes [2] and follow certain plan proved to be sufficient for 2-groups D,SD,QD, 

Let G be one of the groups G38 — G41 and let H be the maximal abelian subgroup 
of index two (a, b, c^) = G4 x G2 x G2 for G = G38 and (a, b) = G4 x G4 for all 
other cases. Consider over BH line complex bundles A, fj, and the pullbacks of 
the canonical line complex bundles by projections on the first, second and third 
factor respectively for H <\ Gas and by projections on the first and second factor 
respectively for all other cases . The quotient of G by center is G2 x G2 x G2. The 
projections on factors induce three line bundles a, /3 and 7 respectively. 

Let Xi be Ci{Ind^{\)) for G = G39,G4o, Ci{Indffj{v)) for G = G38,G4i; yi 
be Ci{Indffj{v)) for G — G^i^.G^Q, Ci{Indf^){\) for G = G38,G4i; a be ci(a) for 
G = G38,G4i, ci(a/3) for G = G39,G4o; h be ci(/3) for G = G38,G39,G4o, ci(a/3) 
for G G41 and c be 01(7) for ah cases. Then let Tr* : K{s)*{BH) ~> K{s)*{BG) 
be the transfer homomorphism [1] associated to double covering p : BH BG and 
T = Tr*{ci{X)ci{v)). Our main result is the following 

Theorem 0.1. Let G he one of the groups G38 — G41 then 

i) K{s)* (BG) = K{s)*[a,b,c,X2,y2,T]/R, where the ideal R is generated by 

a{a + xi+VsY,'Zla^°-^\f), b{b + yi + v^J^tZi b^^^^' vl^ '), 

(c + XI + V, c^'-'^xf-'Kb + yi+v, E:Zi h-^'-^W) + v,b^'-^T, 

(c -I- yi + V, Y.Z\ ^'-^\r"){a + XI+VS Y.Zl a^'-^^^t") + v^a^'-^T, 

T'^+Txiyi+X2yiic+yi+v, J^tZi c^^-^^yf)+xiy2{c+Xi+Vs c'^'^'^^xf 

T{a + Xi+Vs a'^''~'^'xf~') +Vsa'^°-'^X2{c + yi), 

T{b + yi+VsJ2tZib^'~^^yr')+Vsb^^^^y2{c + xi), cT, and 



2000 Mathematics Subject Classification. 55N20; 55R12; 55R40. 

First author was supported by Volkswagen Foundation, Ref.: 1/84 328. 

1 



2 



M. BAKURADZE AND M. JIBLADZE 



where 



2 \ + + ac + Vsabc/ for G = €39,04^0, Gn 

' ' [c' + ac G = G38 

' a'^ +bc + Vsabc'^'-'^ /or G = Gas, G41 
<2/2" + ib^ + bc G = G39 

&2+c2+6c G==G40, 



2^-1 2^-1 la for G = G3S 



Xi = Vs{x2 + VsXiX2 ) + 



6 + c + i;,(6c)^ G = G39,G4o,G4i; 




/or G = G39 

2 = -S2 = -i , J 'J ^ = ^40 

2/1 = Ws(2/2 +Ws2/i2/2 

I a -I- + c-h 

, ^ , , G = G38 , G4 

ii) Some other relations are 

a?c = ac^, b'^c = bc^, xf ~ a'^° c^^ , yX—b'^^ (?" . 

It is known from 5 that for all our groups the Euler characteristic Xs,2 — 
16''/2 + S'' — 4''/2. Now what remains is to verify that we have the complete 
set of generators and generating relations. Consider Serre spectral sequence for 
the extension 1 G GjH = G2 1, where iJ as above. Then 

E2 = H*{G/H,K{s)*(BH)) ^ T^^®T®H*{C2j2), where K{s)*{BH) =T®T 
is the decomposition into free and trivial modules. The restriction of K{s)*{BG) 
to K{s)*{BH) (if use the same symbols for the restricted generators but c = 0) 
gives the ring of K{s)* Euler characteristic 16^/2 + 4'*/2: 

For G = G39,G4o the basis for © T is x'yi\i,j < 2^'""^ - cardinality 2^"-^; 
ax^y^\i < 2"^ < 2^*"^ - cardinality 2^""^; bx^y^\i < 2^^*^^ j < 2''"^ - cardinality 
23^-2; Tx'y^i < 22^-1, j < 2'*-i(2^ - 1) - cardinality 23'*-2(2^ - 1); Here the basis 
for T is x'^y^i,j < 2". For G = G41 everything is the same except to interchange 
a and b in the above. For G — G38 the basis for T is x^y^\i < 2*,j < 2^* - cardi- 
nality 4^*; The basis for T'^^ is w'-x^y^] < i < 2'',j < 2^*,^ < 2''^^ - cardinality 
(2" - 1)2^2^-1; w'o>x^y^\ i < 2^ < j < 2^ fc < 2'-^, I < 2"-^ - cardinality 
2"(2^ - l)2^2"-i; w'a>x''y^T\ i < 2\j < 2" - l,k < 2'-^, I < 2"-^ - cardinality 
2''(2* — 1)2*2'*^^. It follows all invariants are permanent cycles and there is only 
one differential (i2s+i_i(i) = Vgt^ ^ . Since t^ is represented by c one obtains the 
required K{s)* rank of © T ¥2[c\/c'^' ■ 
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The finite group G is called to be good [6] if Morava ii'-theory K{s)*{BG) 
is evenly generated by transferred Euler classes. For the additive structure the 
principal calculational tool is the Atiyah-Hirzebruch spectral sequence [H |5] and 
the Serre SS [7]- Even if the additive structure is calculated the multiplicative 
structure is still delicate task. Moreover the multiplicative structure is not always 
determined by representation theory. Also the presentation of K{s)*{BG) in terms 
of formal group law and splitting principle is not always convenient. Here we will 
consider four groups G = G^^, ...,G/^i of order 32 from the Hall-Senior list. It is 
proved in [S] that K{s)*{BG) is evenly generated and for s = 2 is generated by 
transferred Chern characteristic classes. See [5] also for the detailed discussion of 
the ring structures for all other groups of order 32 already covered by literature. 
For the generating relations we use the formula for transferred Chern classes [2] 
and follow certain plan proved to be sufficient for 2-groups D,SD,QD, Q [3]. 

Let G be one of the groups G'38,...,G4i and let H be the maximal abelian 
subgroup of index two (a, b, ) = G4 x 6*2 x C2 for G = G38 and (a, b) = G4 x G4 for 
all other cases. Consider over BH line complex bundles A, /x and v, the puUbacks 
of the canonical line complex bundles by projections on the first, second and third 
factor respectively for H <J G38 and by projections on the first and second factor 
respectively for all other cases . The quotient of G by center is G2 x G2 x G2. The 
projections on factors induce three line bundles a, l3 and 7 respectively. Let Xi be 
Ci{Ind%{\)) for G = G39,G4o, Ci{Indffj{v)) for G = G38,G4i; yi be Ci{Ind%(y)) 
for G = G39,G4o, Ci{Indf{\)) for G = G38,G4i; a be ci(a) for G = G38,G4i, 
ci(a^) for G = G39,G4o; h be ci(/3) for G = G38,G39,G4o, ci(a^) for G = G41 
and c be 01(7) for ah cases. Then let Tr* : K{s)*{BH) -> K{s)*{BG) be the 
transfer homomorphism T associated to double covering p : BH — > BG and T = 
Tr* {ci{X)ci{v)). Our main result is the following 

Theorem 0.1. Let G he one of the groups G38,...,G4i then 

i) K{s)* (BG) = K{s)*[a,b,c,X2,y2,T]/R, where the ideal R is generated by 
9\ 

c(c + XI+V, J2t=l c'^^'^^xf), c{c + yi+v, J2t^i c^^'^^yr'), 

a(a + a;i +u^X;'=i a^'^^'a^i' ^(^ + 2/i + E'=i ^^'"^Vi' 

(c + XI + vs YZi c^'-'^xf-'Kb + yi+vs E:=i' b''-''yr') + Vsb^'-'T, 

(c + yi + V, E.Ci' c^'-''yV){a + x,+v, pz', a^'-^'xf-') + v,a^'-^T, 

T^+Txiyi+X2yi{c+yi+v, J2tZl c^"'^^ yf)+Xiy2{c+Xi+Vs J2Zi c^""^'a;|' 

T{a + xi +Vs I]-!^ a^°"^'a:|'~') + Vsa^''~^X2ic + yi), 

T{b + yi+VsJ2tZib^°~^'yf)+Vsb''^~^y2{c + xi), cT, and 
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where 



2 \ + + ac + Vsabc/ for G = €39,04^0, Gn 

' ' [c' + ac G = G38 

' a'^ +bc + Vsabc'^'-'^ /or G = Gas, G41 
<2/2" + ib^ + bc G = G39 

&2+c2+6c G==G40, 



2^-1 2^-1 la for G = G3S 



Xi = Vs{x2 + VsXiX2 ) + 



6 + c + i;,(6c)^ G = G39,G4o,G4i; 




/or G = G39 

2 = -S2 = -i , J 'J ^ = ^40 

2/1 = Ws(2/2 +Ws2/i2/2 

I a -I- + c-h 

, „ , , G = G38 , G4 

ii) Some other relations are 

a?c = ac^, b'^c = bc^, xf ^ a'^° c^^ , yX—b'^^ (?" . 

It is known from |8 that for all our groups the Euler characteristic Xs,2 = 
16''/2 + 8* — 4^/2. Now what remains is to verify that we have the complete set 
of generators and generating relations. Consider Serre spectral sequence for the 
extension \ ^ H ^ G ^ G/H = G2 — > 1, where H as above. Then E2 = 
H*{G/H,K(s)*{BH)) ^ T^^ © T ® i?*(G2, F2), where K{s)*{BH) = T ® T is 
the decomposition into free and trivial modules. The restriction of K{s)*{BG) to 
K{s)*{BH) (if use the same symbols for the restricted generators but c = 0) gives 
the ring of K{s)* Euler characteristic 16^/2 + A'^ /2: 

For G = G39,G4o the basis for T^^ ®T is xiyi\ij < 2^'-^; ax\yi\i < 2^j < 2"-i; 
bxyi\i < 2^'-\j < 2^-1; T^y^li < 2^'-\j < 2'-\2' - 1); Here the basis for T 
is X2y2\'i,j < 2*. For G = G41 everything is the same except to interchange a and 
b in the above. For G ~ G38 the basis for T is X2y2\h3 < 2", and the basis for J^'-'^ 
is x\x{yl\ Q<i < 2',j <2',k < 2"-^; x\y{x^y^2\ i < 2" ,0 < j < 2" , k < 2'-^, I < 
2"-^; x{y{x^y^2T\ i < 2" , j < 2' ~ 1, k < 2"-\ Z < 2"-^; It follows ah invariants are 
permanent cycles and there is only one differential d2s+i_i(t) — Vgt^ ^ . Since t^ is 
represented by c one obtains the required K{s)* rank of J^*^^ ®T ® F2[c]/c^ . 
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